An orthomorphism κ of Z n is a permutation of Z n such that i → κ(i) − i is also a permutation. We say κ is canonical if κ(0) = 0 and define z n to be the number of canonical orthomorphisms of Z n . If
The value of z n for odd n 25 along with its prime factorisation and the value of z n modulo 3 and n.
Introduction
An orthomorphism of the cyclic group Z n is a permutation σ : Z n → Z n such that the mapping σ * : Z n → Z n , defined by σ * (i) ≡ σ (i) − i (mod n) for all i ∈ Z n , is also a permutation. An orthomorphism σ is called canonical if σ (0) = 0. Orthomorphisms can be defined for any group and the interested reader should consult Evans [10] . However, we only study orthomorphisms of Z n . Let z n be the number of canonical orthomorphisms of Z n . The total number of orthomorphisms of Z n is nz n . A result of Euler [9, pp. 103-105] implies that z n = 0 if n is even.
Bounds on z n were found in [4, 6, 8, 14, 18] . Hence (3.246) n < z n (0.614) n n! √ n for sufficiently large odd n. There are conjectured bounds on z n by Vardi [28] and Clark and Lewis [5] . See [18] and [30] for more details. Some estimates for z n were given by Cooper et al. [7] and Kuznetsov [15, 16] . The reader should be aware that the papers [7] and [8] have received varying citations, likely due to differences in translation.
Novakovich [23] reproduced a proof of Levitskaya [17] that showed z n ≡ n (mod 2); there are also proofs in [5] and [18] . We will discuss the value of z n (mod n) in Section 3 and z n (mod 3) in Section 4. Some non-zero values of z n are listed in Table 1 , as given by Shieh et al. in [18] (Sloane's [24] A003111).
Let σ be an arbitrary canonical orthomorphism of Z n . The translation of σ by g, denoted T g [σ ] , defined by T g [σ ] (i) = σ (i + g) − σ (g) is also a canonical orthomorphism of Z n . The group of translations G := {T g : g ∈ Z n } acts on the set of canonical orthomorphisms of Z n . Observe that G ∼ = Z n .
Let n be an odd number. If c ∈ Z n such that gcd(c, n) = 1 and gcd(c − 1, n) = 1 we can define an orthomorphism η c,n by η c,n (i) ≡ ci (mod n) for all i ∈ Z n , which is called a linear orthomorphism.
Clark and Lewis [5] showed that the number of linear orthomorphisms of Z n (Sloane's A058026) is given by where P n is the set of prime divisors of n and a = a(p, n) is the greatest integer such that p a divides n.
Compound orthomorphisms
Suppose d is a divisor of n. If σ is an orthomorphism of Z n such that σ (i) ≡ σ ( j) ( As we shall see, compound orthomorphisms are a natural and useful class of orthomorphism. A construction of van Rees [27] gives rise to a Latin square in which every row, column and broken diagonal (forward and backward) defines a compound orthomorphism. Evans [11] has used a related construction in the search for orthogonal orthomorphisms of Z 3p for prime p. 
We will now identify some properties of compound orthomorphisms. The following property shows that (2.1) is sufficient to describe all canonical d-compound orthomorphisms. 
Let d be the subgroup of Z n generated by d (mod n). Define the isomorphism I : 
The converse of Property 2.2 is false; for example, most orthomorphisms of Z 15 are not {3, 5}-compound, but all are trivially 15-compound. Fig. 1 lists three examples of orthomorphisms of Z 27 where (a) κ is 3-compound but not 9-compound, (b) κ is 9-compound but not 3-compound and (c) κ is {3, 9}-compound but not linear.
Recall that the translation 
The converse of Property 2.3 is false; for example, in Fig. 1 
Hence linear orthomorphisms satisfy
Therefore, Property 2.3 implies that linear orthomorphisms are d-compound for all divisors d of n, a notion we will explore in Section 5.
Evaluating z n (mod n)
In this section we find the value of z n (mod n) for all n. The value of z n (mod n) for odd n 25 is listed in Table 1 . Clark and Lewis [5] proved that z n ≡ −2 (mod n) for prime n. Since their proof is brief, we have incorporated it into the proof of Theorem 3.1. The main objective of this section is therefore to show that z n ≡ 0 (mod n) when n is an odd composite number. Proof. When n is even z n = 0 and the theorem holds, so assume that n is odd. First assume n is an odd prime number. Let σ be an arbitrary canonical orthomorphism of Z n . Since n is prime,
morphism by Property 2.5. There are precisely n − 2 linear orthomorphisms of Z n by (1.1). Therefore z n ≡ −2 (mod n). This case was formerly proved in [5] . For the remainder of the proof, we assume that n is an odd composite number.
Claim: Let C be the set of canonical compound orthomorphisms of Z n . Then z n ≡ |C| (mod n).
The group of translations G acts on the set of canonical orthomorphisms of Z n . Let σ denote an arbitrary canonical orthomorphism. By the Orbit-Stabiliser Theorem, n = |G| = |G(σ )||G σ | where 
Property 2.4 implies that
Let R n be the number of reduced Latin squares of order n, that is, n × n Latin squares with the first row and first column in order. In [25] we showed that R n+1 ≡ z n (mod n) if n is an odd prime, and a result of [19] implies that R n+1 ≡ 0 (mod n) for all composite n. Corollary 3.2 now follows from Theorem 3.1.
Corollary 3.2. If n is an odd prime then R n+1 ≡ z n ≡ −2 (mod n) and if n is composite then R n+1
In [26] we found that R n ≡ 1 (mod n) if n is prime and R n ≡ 0 (mod n) if n is composite.
Evaluating z n (mod 3)
The value of z n (mod 3) for odd n 25 is listed in Table 1 . It was established in [18] that z n is divisible by 3 when n ≡ 2 (mod 3). This result is extended in Theorems 4.1 and 4.2. 
, where ζ(n) is the number of partitions of {1, 2, . . . ,n − 1} into parts of size 3 in which each part has sum divisible by n.
A transversal ψ of A is a subset of cardinality n such that if (i, j, a ij ) and (i , j , a ij ) are distinct elements of ψ then i = i , j = j and a ij = a ij . Let T be the set of all transversals of A containing (0, 0, 0). Table 2 Values of ζ(n) for some small values of n ≡ 1 (mod 6). The canonical orthomorphisms σ of Z n are in one-to-one correspondence with the transversals [30] for more details). Hence z n = |T |. Let C 3 be a cyclic group of order 3, acting on A by uniformly permuting the coordinates of each triplet. Consequently, C 3 has an induced action on T . The orbit of any ψ ∈ T , denoted C 3 (ψ), has cardinality either 1 or 3. Let T = {ψ ∈ T :
Case I: n ≡ 2 (mod 3). Then n = |ψ| ≡ |X ψ | = 1 (mod 3) giving a contradiction. Hence T = ∅ and z n ≡ |T | = 0 (mod 3). This case was previously proved in [18] .
Case II: n ≡ 1 (mod 3). Again n = |ψ| ≡ |X ψ | = 1 (mod 3) . By removing the ordering upon the triplets in ψ \ {(0, 0, 0)} we construct a partition of {1, 2, . . . ,n − 1} into parts of size 3 and sum congruent to 0 (mod n). Reversing the process, any such partition can be used to generate
Case III: n ≡ 0 (mod 3). Follows from Theorem 3.1 since 3 divides n and n = 3. 2 Table 2 shows the computed values of ζ(n) for some small values of n ≡ 1 (mod 6). Every solution to Heffter's First Difference Problem can be used to construct one of the partitions counted by ζ(n). Hence [1] implies that ζ(n) 2 (n−1)/12 for large enough values of n ≡ 1 (mod 6). While ζ increases at least exponentially, we only require the value of ζ(n) (mod 3) for Theorem 4.1. In the following theorem, we will show that ζ(n) ≡ 1 (mod 3) for primes of the form 2 · 3 k + 1 (Sloane's A111974). See [2] for a discussion of primality testing numbers of the form h · 3 k ± 1.
Theorem 4.2. Let n be a prime of the form
Proof. The theorem is true when n = 3, since z 3 = 1, so assume k 1. By Theorem 4.1, it is sufficient to show that ζ(n) ≡ 1 (mod 3). Let P be the set of partitions counted by ζ(n). Let R = P ∈P P . The multiplicative group Z * n of integers modulo n is cyclic because n is prime. Moreover, there exists a cyclic subgroup G < Z * n of order 3
k . The natural action of G partitions P into orbits whose cardinalities lie in {1, 3, 3 2 , . . . , 3 k }. Let P * be the set of all partitions in P that are stabilised by G. Hence ζ(n) ≡ |P * | (mod 3) and it is sufficient to show that |P * | = 1.
Observe that the orbits of G on R have size 3
k−1 since each p ∈ R has cardinality 3. Each P ∈ P has precisely 2 · 3 k−1 parts. Therefore, if P ∈ P * then the action of G partitions P into exactly two orbits of cardinality 3 k−1 . The Orbit-Stabiliser Theorem implies that the stabiliser of each part p ∈ P has order 3, and hence must be the unique subgroup H G of order 3. It follows that P * consists of the unique partition of Z n \ {0} induced by the action of H . So |P * | = 1. 2
Polynomial and compatible orthomorphisms
A permutation σ of Z n is called a polynomial permutation if for some integer polynomial f we have σ (i) ≡ f (i) (mod n) for all i ∈ Z. We say σ is described by f . If σ is an orthomorphism and a polynomial permutation then we call σ a polynomial orthomorphism. Let π n be the number of canonical polynomial orthomorphisms of Z n . If σ is a polynomial orthomorphism of Z n described by f and r is an integer polynomial such that r(i) ≡ 0 (mod n) for all i ∈ Z, then σ is also described by f + r.
Linear orthomorphisms are simple examples of polynomial orthomorphisms.
Polynomial orthomorphisms of finite fields have been studied, for example, by Niederreiter and
Robinson [20] and Wan [29] , who showed that, for any finite field F q where q 4, every orthomorphism is described by a polynomial of degree at most q − 3. Evans [10] also discussed polynomial orthomorphisms of finite fields. In this section, we instead study polynomial orthomorphisms over the ring Z n . Proof. If n = 1 the theorem is true. If n is even then there are no orthomorphism of Z n and the theorem is vacuously true. If n is prime then Z n is a finite field and hence every orthomorphism of Z n is described by a polynomial. Now suppose n is an odd composite number. Let d be a proper divisor of n and let σ be an orthomorphism of Z n such that σ (0) = 0 and σ (d) = 1. Grüttmüller [12] showed that σ exists. If [22] . Let λ n denote the number of canonical compatible orthomorphisms of Z n . Clearly, every polynomial orthomorphism is compatible, therefore π n λ n for all n. However, it is not obvious whether or not every compatible orthomorphism is a polynomial orthomorphismthe argument in the proof of Theorem 5.1 cannot be applied to compatible orthomorphisms.
We will now show that every compatible orthomorphism of Z 21 is a polynomial orthomorphism. There are 5 linear orthomorphisms of Z 21 , described by 2i, 5i, 11i, 17i and 20i, and 14 other canonical polynomial orthomorphisms of Z 21 If κ is a polynomial orthomorphism, Property 5.2 implies that μ and σ 0 are also polynomial orthomorphisms. Assume μ and σ 0 are described by f μ and f σ 0 , respectively. It is straightforward to show that f κ as given by (5.2) describes an orthomorphism. Since d and t are coprime, Euler's Totient .3) where P n is the set of prime divisors of n and a = a(p, n) is the greatest integer such that p a divides n.
. . , σ d−1 and μ are all compatible orthomorphisms, then κ is d -compound for all divisors d of n such that either d divides d or d divides d.

Proof. Immediate from (2.1). 2
We will now ready to give a formula for λ p a . 
We are now ready to classify when π n = λ n . Proof. Nöbauer [22] showed that all compatible permutations can be described by an integer polyno- Proof. Nöbauer [21] showed that f describes a permutation of Z p a if and only if f describes a permutation of Z p and
Then f describes a polynomial orthomorphism of Z 3 and Z 7 . Property 5.7 implies that f describes a polynomial orthomorphism of Z 21 . In fact f describes the same orthomorphism of Z 21 as f 4 in (5.1). However, f (0) = 1 and therefore Properties 5.7 and 5.8 together imply that f does not describe a polynomial orthomorphism of Z n for any n that is divisible by the square of any prime. 
Partial orthomorphism completion
A partial orthomorphism of Z n is an injective map ν : S → Z n such that S ⊆ Z n and ν(i)
If ν is a partial orthomorphism of Z n such that there exists an orthomorphism σ of Z n for which ν(i) = σ (i) for all i ∈ S, then we say ν admits a completion.
Let ρ a,n be the proportion of partial orthomorphisms of Z n of size a that admit a completion. Since z n = 0 for even n, we will only discuss odd n. We list some values of ρ a,n in Table 3 obtained by a computer search. For odd n:
• ρ 1,n = ρ 2,n = ρ n−1,n = ρ n,n = 1 using results of Grüttmüller [12] and Evans [10, p. 14] .
• Grüttmüller 1 [13] asked if ρ a,n = 1 for n 3a − 1, having showed that: 1 The proof of Theorem 2 in [13] gave a construction that was used to deduce that ρ a,n < 1 whenever n 3a − 2 and a is odd or n 3a − 3 and a is even. This is correct except when a = n − 1, n is odd and n 3.
Table 3
Some values of ρ a,n . a n = 3 n = 5 n = 7 n = 9 n = 11 (a) ρ a,n < 1 when 3 a n − 2 and n 3a − 2; and (b) ρ a,n = 1 when 2 a 7 and 3a − 1 n 21 by a computer search.
• Cavenagh et al. [3] showed that ρ 3,n = 1 for prime n 11.
The following lemma describes some of the behaviour of ρ a,n as a varies.
Lemma 6.1. If 2 a n − 2 and ρ a,n = 1 then ρ a−1,n = 1.
Proof. We already observed that the lemma is true when a = 2, so assume 3 a n − 2. If n 3a − 2 then ρ a,n < 1, so the lemma is vacuously true. We can therefore assume n > 3a − 2 > 2a − 1. Let ν : S → Z n be an arbitrary partial orthomorphism of Z n of size a − 1. Let U be the range of ν. Choose any s ∈ Z n \ S. It is sufficient to find u ∈ Z n \ U such that u − s ≡ ν(i) − i for all i ∈ S, since then we may append s → u to ν to create a partial orthomorphism of Z n of size a. This would then imply that ν admits a completion, since ρ a,n = 1 by assumption. Since {ν(i) − i: i ∈ S} has cardinality a − 1, a suitable u exists if |Z n \ U | = n − (a − 1) > a − 1, which is true as n > 2a − 1. 2 Therefore, for odd n 5 there exists an integer a in the range 3 a < (n + 2)/3 such that ρ 0,n = ρ 1,n = · · · = ρ a ,n = 1 and ρ a +1,n , ρ a +2,n , . . . , ρ n−2,n < 1. The upper bound on a comes from the result of Grüttmüller. 
Proof. By Lemma 6.1 and (2.1) it is possible to construct a completion of ν. Proof. Let ν be an arbitrary partial orthomorphism of Z n of size a. Let R = {1, 2, . . . , r} and for any
It is sufficient to find X ⊂ R, of cardinality less than r, such that for any distinct i, j ∈ S we have
Given such an X , choose d = n/ f c for some c ∈ R \ X (which is non-empty since |R| = r > |X|). By Theorem 6.2, since ρ a,n/ f c = 1, ν admits a completion to a d-compound orthomorphism of Z n .
Let P 1 , P 2 and P 3 be the partitions of S induced by congruence modulo f X on the sets S = {i: i ∈ S}, {ν(i): i ∈ S} and {ν(i) − i: i ∈ S}, respectively. Let
which is called the meet of P 1 , P 2 and P 3 .
We begin with X = ∅ and P = P 1 = P 2 = P 3 = {S}. We then progressively add elements to X until We now consider partial orthomorphisms of size 3. As discussed earlier, ρ 3,n = 1 for prime n ∈ {2, 5, 7} and odd n in the range 9 n 21. It remains unresolved if ρ 3,n = 1 for all odd n 9. However, by Theorem 6.3, it is sufficient to show that ρ 3,n = ρ 3,5n = ρ 3,7n = 1 for all composite n 25 with |P n | 4, where P n is the set of prime divisors of n. Furthermore, many partial orthomorphisms of size 3 can be shown to admit a completion using Theorem 6.2. In [25] it was shown that the number of partial orthomorphisms of Z n of size 3 is given by 1 6 n 2 (n − 1)(n − 2) n 2 − 6n + 10 < 
